Integrable linear equations and the Riemann-Schottky 

problem 

in 

^ ! I.Krichever 
(N 

Aprils, 2005 1 

o 

m 

Abstract 

O: We prove that an indecomposable principally polarized abelian variety X is the 

■ Jacobain of a curve if and only if there exist vectors U ^ 0,V such that the roots Xi{y) 

^ ■ of the theta-functional equation 9{Ux + Vy + Z) = satisfy the equations of motion 

, of the formal infinite- dimensional Calogero-Moser system. 

(N ■ 1 Introduction 
> 
(N 

On ■ The Riemann-Schottky problem on the characterization of the Jacobians of curves among 

^ . abelian varieties is more that 120 years old. Quite a few geometrical characterizations of the 

O \ Jacobians have been found. None of them provides an explicit system of equations for the 

in 
o 



image of the Jacobian locus in the projective space under the level two theta imbedding. 

■ The first effective solution of the Riemann-Schottky problem was obtained by T.Shiota 

! (n)) who proved the famous Novikov's conjecture: 

An indecomposable principally polarized abelian variety (X, 9) is the Jacobian of a curve 
of a genus g if and only if there exist g- dimensional vectors U 0,V,W such that the 
^ , function 

u{x,y,t) = -2dl\ne{Ux + Vy + Wt + Z) (1.1) 
is a solution of the Kadomtsev-Petviashvilii (KP) equation 

3uyy = {Aut + Quux - Uxxx)^ ■ (l-2) 
Here 0{Z) = 6{Z\B) is the Riemann theta-function, 

e{z) = J2 e2'^'(^'")+'^'(^'"''"), {z, m) = mizi + ■■■ + m,z,, (1.3) 
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where B is the corresponding symmetric matrix with a positive definite imaginary part. 

It is easy to show ( ) that the KP equation with u of the form is in fact equivalent 
to the following system of algebraic equations for the fourth order derivatives of the level 
two theta constants: 

dlrQ[€, 0] - dudwQ[e, 0] + d'^e[6, 0] + ce[e, 0] = 0, c = const. (1.4) 

Here Q[e, 0] = e[e, 0](0), where Q[e, 0]{z) = e[e, 0]{2z\2B) are level two theta-functions with 
half-integer characteristics e G . 

The KP equation admits the so-called zero- curvature representation ([21111) which is the 
compatibility condition for the following over-determined system of linear equations: 

{dy-dl+U)^ = 0, (1.5) 

{dt~dl + ld, + w)tlj = 0. (1.6) 

The main goal of the present paper is to show that the KP equation contains an excessive 
information and that the Jacobians can be characterized in terms of only the first of its 
auxiliary linear equations. 



Theorem 1.1 An indecomposable principally polarized abelian variety {X, 9) is the Jacobian 
of a curve of genus g if and only if there exist g -dimensional vectors U 0,V, A such that 
equation il.^) is satisfied for 

u = -2dl\n e{Ux + Vy + Z) (1.7) 

and 

BjA + Ux + Vy + Z) 
^ 9{Ux + Vy + Z) ' 

where p, E are constants. 



The "if" part of this statement follows from the exact theta- functional expression for the 
Baker- Akhiezer function (jSHH])- 

The addition formula for the Riemann theta-function directly implies that equation p.Sj) 
with u and ijj of the form ()1.7|) and (jl.Sj) is equivalent to the system of equations. 

{dv-dl-2pdu + {E-p'))Q[eM^/2) = Q, e eh^l (1.9) 

Recently Theorem 1.1 was proved by E.Arbarello, G. Marini and the author ([7j) under 
the additional assumption that the closure {A) of the subgroup of X generated by A is 
irreducible. The geometric interpretation of Theorem 1.1 is equivalent to the characterization 
of the Jacobians via fiexes of Kummer varieties (see details in jTj), which is a particular case 
of the so-called trisecant conjecture, first formulated in 0. 

Theorem 1.1 is not the strongest form of our main result. What we really prove is that 
the Jacobian locus in the space of principally polarized abelian varieties is characterized 
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by a system of equations which formally can be seen as the equations of motion of the 
infinite- dimensional Calogero-Moser system. 

Let t{x, y) be an entire function of the complex variable x smoothly depending on a 
parameter y. Consider the equation 

res, (^9jlnr + 2(a2lnr)') =0, (1.10) 

which means that the meromorphic function given by the left hand side of ()1.1()|1 has no 
residues in the x variable. If Xi{y) is a simple zero of r, i.e. T{xi{y),y) = 0, dxT{xi{y),y) ^ 0, 
then ()1.10|) implies 

Xi = 2wi, (1.11) 

where "dots" stands for the ^/-derivatives and Wi is the third coefficient of the Laurent 
expansion of u{x,y) = —2d'^T{x,y) at Xi, i.e. 

2 

{x - Xi{y)y 

Formally, if we represent r as an infinite product, 

T{x,y) =c{y)Y[{x-Xi{y)), (1.13) 

i 

then equation (ll.lUj) can be written as the infinite system of equations 

Equations (|1.14p are purely formal because, even if r has simple zeros at y = 0, then in the 
general case there is no nontrivial interval in y where the zeros stay simple. At the moment, 
the only reason for representing (jl.llj) in the form ()1.14|) is to show that in the case when r is 
a rational, trigonometric or elliptic polynomial the system p.ll|) coincides with the equations 
of motion for the rational, trigonometrical or elliptic Calogero-Moser systems, respectively. 

Equations ()1.1H) for the zeros of the function r = 9{Ux + Vy + Z) were derived in [7] as 
a direct corollary of the assumptions of Theorem 1.1. Simple expansion of 6 at the points of 
its divisor z & Q : 9{z) = gives the equation 

[{d29Y - {dl9Y]df9 + 2[dl9dl9 - d29did29]di9 + [d^9 - dt9]{di9Y = (mod^) (1.15) 

which is valid on O. Here and below G is the divisor on X defined by the equation 9{Z) = 
and di and 82 are constant vector field on corresponding to the vectors U and V. 

It would be very interesting to understand if any reasonable general theory of equations 
()1.10|) exists. The following form of our main result shows that in any case such theory has 
to be interesting and non-trivial. 

Let 9i be defined by the equations Qi = {Z : 9{Z) = di9{Z) = 0}. The (9i-invariant 
subset S of Gi will be called the singular locus. 
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Theorem 1.2 An indecomposable principally polarized abelian variety {X, 9) is the Jacobian 
of a curve of genus g if and only if there exist g-dimensional vectors U ^ 0,V, such that for 
each Z G O \ S equation il.lU\) for the function t{x, y) = 6{Ux + Vy + Z) is satisfied, i.e. 
equation M.l^) is valid on Q. 



The main idea of Shiota's proof of the Novikov's conjecture is to show that if u is as in p.lj) 
and satisfies the KP equation, then it can be extended to a r-function of the KP hierarchy, 
as a global holomorphic function of the infinite number of variables t = {tj}, ti = x,t2 = 
y, = t. Local existence of r directly follows from the KP equation. The global existence 
of the r-function is crucial. The rest is a corollary of the KP theory and the theory of 
commuting ordinary differential operators developed by Buchnall-Chaundy (0110]) and the 
author (UU)- 

The core of the problem is that there is a homological obstruction for the global existence 
of r. It is controlled by the cohomology group H^{C^ \ S, V), where V is the sheaf of di- 
invariant meromorphic functions on \ S with poles along (see details in JI]). The 
hardest part of the Shiota's work (clarified in [llj) is the proof that the locus E is empty. 
That insures vanishing of if^(C^, V). Analogous obstructions have occurred in all the other 
attempts to apply the theory of soliton equations to various characterization problems in 
the theory of abelian varieties. None of them had been completely successful. Only partial 
results were obtained. (Note that Theorem 1.1 in one of its equivalent forms was proved 
earlier in ^2] under the additional assumption that Oi does not contain (9i-invariant line.) 

Strictly speaking, the KP equation and the KP hierarchy are not used in the present 
paper. But our main construction of the formal wave solutions of (jl.5j) is reminiscent to the 
construction of the r-function. All its difficulties can be traced back to those in the Shiota's 
work. The wave solution of ()1.5p is a solution of the form 

ij{x,y,k) = e'^-^^''-^'^y(^l + f^J,{x,y)k-^^ . (1.16) 

At the beginning of the next section we show that the assumptions of Theorem 1.2 are 
necessary and sufficient conditions for the local existence of the wave solutions such that 

where Ts{Z, y), as a. function of Z, is holomorphic in some open domain in C^. The functions 
are defined recurrently by the equation 2(9i^s+i = dy^s — df^s + w^^. Therefore, the global 
existence of is controlled by the same cohomology group H^{C \ S, V) as above. At the 
local level the main problem is to find translational invariant normalization of C,s which 
defines wave solutions uniquely up to a 9i-invariant factor. 

In the case of periodic potentials u{x + T,y) = u{x) the normalization problem for the 
wave functions was solved D.Phong and the author in [12]. It was shown that the condition 
that is periodic completely determines the y-dependence of the integration constants and 
the corresponding wave solutions are related by a x-independent factor. In general, the 
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potential u = —2dl9{Ux + Vy + Z) is only quasi-periodic in x. In that case the solution of 
the normalization problem is technically more involved but mainly goes along the same lines 
as in the periodic case. The corresponding wave solutions are called Z-periodic. 

In the last section we show that for each Z ^ S a local /-periodic wave solution is the 
common eigenfunction of a commutative ring of ordinary differential operators. The 
coefficients of these operators are independent of ambiguities in the construction of tp. For 
generic Z the ring is maximal and the corresponding spectral curve F is Z-independent. 
The correspondence j : Z i — > A^ allows us to make the next crucial step and prove the 
global existence of the wave function. Namely, on {X \ E) the wave function can be globally 
defined as the preimage j*ipBA under j of the Baker- Akhiezer function on F and then can 
be extended on X by usual Hartorg's arguments. The global existence of the wave function 
implies that X contains an orbit of the KP hierarchy, as an abelian subvariety. The orbit is 
isomorphic to the generalized Jacobian J(F) = Pic°(F) of the spectral curve (P). Therefore, 
the generalized Jacobian is compact. The compactness of Pic'^(F) implies that the spectral 
curve is smooth and the correspondence j extends by linearity and define an isomorphism 
j:X^ J(F). 



2 /-periodic wave solutions 

As it was mentioned above, formal Calogero-Moser equations were derived in [7] as a 

necessary condition for the existence of a meromorphic solution to equation p.5|l . 

Let T{x,y) be a holomorphic function of the variable x in some open domain D E C 
smoothly depending on a parameter y. Suppose that for each y the zeros of r are simple, 

T{x,iy),y)=0,T.,{x,iy),y)^0. (2.1) 



Lemma 2.1 (^) If equation il.^) with the potential u = ~2dl In r(x, y) has a meromorphic 
in D solution ipQ{x,y), then equations il.ll]} hold. 

Proof. Consider the Laurent expansions of ipQ and u in the neighborhood of one of the zeros 
Xi of r: 

2 

u = - — + Vi + Wi{x - Xi) + . . . (2.2) 

[x - XiY 

ipo = ^ + A + - Xi) + - Xif + • • ■ (2.3) 

(All coefficients in these expansions are smooth functions of the variable y). Substitution of 
(j2.2l2.3j) in (jl.Sp gives a system of equations. The first three of them are 

a^x, ^ 2pi = 0, (2.4) 

+ ttiVi + = 0, (2.5) 
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/3j + ViPi - -fiXi + aiWi = 0. (2.6) 
Taking the ?/-derivative of the first equation and using two others we get 

Let us show that equations (jLllj) are sufficient for the existence of meromorphic wave 
solutions. 

Lemma 2.2 Suppose that equations il.ll}) for the zeros of T{x,y) hold. Then there exist 
meromorphic wave solutions of equation m.5]} that have simple poles at Xi and are holomor- 
phic everywhere else. 

Proof. Substitution of into (jl.5|) gives a recurrent system of equations 

2^+1 = dy^s + - C (2.7) 

We are going to prove by induction that this system has meromorphic solutions with simple 
poles at all the zeros Xj of r. 

Let us expand at Xj: 

= — f ^ r,o + r^iix - Xi) , (2.8) 

where for brevity we omit the index i in the notations for the coefficients of this expansion. 
Suppose that are defined and equation ()2.7|1 has a meromorphic solution. Then the right 
hand side of ()2.7|) has the zero residue at 

msx, {dyis + uis - O =^3 + ViTs + 2rsi = (2.9) 

We need to show that the residue of the next equation vanishes also. From ()2.7|1 it follows 
that the coefficients of the Laurent expansion for ^^^i are equal to 

Ts+i = -XiTs - 2rso, (2.10) 

2r,+i^i = r^o - rsi + WiV^ + Vir^o . (2.11) 

These equations imply 

f-s+i + ViVs+i + 2r^+i^i = -Tsixi - 2wi) - Xi{rs - ViV^s + 2r^i) = 0, (2.12) 

and the lemma is proved. 

Our next goal is to fix a translation-invariant normalization of C,s which defines wave 
functions uniquely up to a x-independent factor. It is instructive to consider first the case 
of the periodic potentials u{x + l,y) = u{x,y) (see details in llSj). 

Equations ()2.7|) are solved recursively by the formulae 

^s+i{x, y) = Cs+i{y) + ^°+i(x, y) , (2.13) 

es+iix, y) = ]- fidyis - C + <s) dx , (2.14) 
6 



where Cs{y) are arbitrary functions of the variable y. Let us show that the periodicity con- 
dition C,s{x + l,y) = C,s{x,y) defines the functions Cs{y) uniquely up to an additive constant. 
Assume that ^s-i is known and satisfies the condition that the corresponding function 
is periodic. The choice of the function Cs{y) does not affect the periodicity property of ^s, 
but it does affect the periodicity in x of the function C,s+i{x,y). In order to make ^g^i{x,y) 
periodic, the function Cs{y) should satisfy the linear differential equation 

dyCs{y) + B{y)cs{y)+ / {dy^ix^y) + u{x,y) ^six^y)) dx , (2.15) 

where B{y) = J^°~^^ udx. This defines Cg uniquely up to a constant. 

In the general case, when u is quasi-periodic, the normalization of the wave functions is 
defined along the same lines. 

Let Yu = {Ux) be the closure of the group Ux in X. Shifting Yjj if needed, we may 
assume, without loss of generality, that Yu is not in the singular locus, Yu ^ S. Then, for 
a sufficiently small y, we have Yu + Vy ^ S as well. Consider the restriction of the theta- 
function onto the affine subspace + Vy, where = ti^^{Yu)i and vr : O — ^ X = /A 
is the universal cover of X: 

T{z,y) = e{z + Vy), zee". (2.16) 

The function m(z, y) = —2d\ In r is periodic with respect to the lattice Ku = A fl and, for 
fixed J/, has a double pole along the divisor 6^(?/) = (6 — Vy) fl C"'. 



Lemma 2.3 Let equation M.l(^) for t{Ux + z, y) hold and let I be a vector of the sublattice 
At; = AnC^ C Then: 

(i) equation / ti.,5|) with the potential u{Ux + z,y) has a wave solution of the form ip = 
^kx+k y(i)(jjx + y, k) such that the coefficients C,.s{z, y) of the formal series 

0(z, y, k) = e'y (^1 + £ U^^ y) j (2-17) 
are I -periodic meromorphic functions of the variable z G with a simple pole at the divisor 

Q'^iy), 

U^ + l,y) = U^,y) = ^^; (2.18) 

r{z,y) 

(a) (f){z,y, k) is unique up to a factor p{z, k) that is di-invariant and holomorphic in z, 

(j)i{z,y,k) = (f){z,y,k)p{z,k), dip = 0. (2.19) 

Proof. The functions Cs{z) are defined recursively by the equations 

2diUi = dy^s + iu + b)^, - dl^s. (2.20) 
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A particular solution of the first equation 2diC,i = u + b is given by the formula 

2^^ = -2di\nT + {l,z) b, (2.21) 

where (/, z) is a linear form on given by the scalar product of z with a vector / G such 
that (/, U) = 1, and (/, /) = 1. The periodicity condition for defines the constant b 

b = 2di In t{z + l,y)- 2di In t{z, y) , (2.22) 

which depends only on a choice of the lattice vector /. A change of the potential by an 
additive constant does not affect the results of the previous lemma. Therefore, equations 
(11.1111 are sufficient for the local solvability of ()2.2()j) in any domain, where t{z + Ux,y) has 
simple zeros, i.e., outside of the set Qi{y) = (Oi — Vy) fl C^. Recall that Oi = 6 fl di<d. 
This set does not contain a c^i-invariant line because any such line is dense in Yjj. Therefore, 
the sheaf Vq of 9i-invariant meromorphic functions on \ Qi{y) with poles along the 
divisor Q^{y) coincides with the sheaf of holomorphic (9i-invariant functions. That implies 
the vanishing of H^{C'^ \ <di{y), Vq) and the existence of global meromorphic solutions of 
fl2.2()|l which have a simple pole at the divisor 0^(y) (see details in [HIH]). If are fixed, 
then the general global meromorphic solutions are given by the formula = + ^s; where 
the constant of integration Cs{z,y) is a holomorphic (9i-invariant function of the variable z. 

Let us assume, as in the example above, that a Z-periodic solution ^^-i is known and that 
it satisfies the condition that there exists a periodic solution C.^ of the next equation. Let 
C+i be a solution of ()2.20|) for fixed Then it is easy to see that the function 

Cs+iiz,y) = C+iiz,y)+Cs{z,y)ei{z,y) + ^^dyCs{z,y), (2.23) 

is a solution of ()2.20p for = + Cg. A choice of a Z-periodic (9i-invariant function Cs{z,y) 
does not affect the periodicity property of i^^, but it does affect the periodicity of the function 
^g^i- In order to make periodic, the function Cs{z, y) should satisfy the linear differential 
equation 

dyCsiz,y) = 2C+i(^ + l,y)- 2C+iiz,y) . (2.24) 

This equation, together with an initial condition Cs{z) = Cs{z,0) uniquely defines Cs{x,y). 
The induction step is then completed. We have shown that the ratio of two periodic formal 
series 0i and is ^/-independent. Therefore, equation ()2.19|) . where p{z, k) is defined by the 
evaluation of the both sides ai y = 0, holds. The lemma is thus proven. 

Corollary 2.1 Let li, . . . ,1^ be a set of linear independent vectors of the lattice A^ and let 
Zq he a point ofC^. Then, under the assumptions of the previous lemma, there is a unique 
wave solution of equation m.5]} such that the corresponding formal series (j){z, y, k; zq) is 
quasi-periodic with respect to Kjj, i.e. for I G Kjj 

(f){z + I, y, k; zo) = (p^z, y, k; Zq) fnik) (2.25) 

and satisfies the normalization conditions 

fiiXk) = l, (P{zo,0,k;zo) = 1. (2.26) 
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The proof is identical to that of the part (b) of the Lemma 12 in p. Let us briefly present 
its main steps. As shown above, there exist wave solutions corresponding to cj) which are 
/i-periodic. Moreover, from the statement (ii) above it follows that for any /' G A^/ 

0(z + I, y, k) = (t){z, y, k) pi{z, k) , (2.27) 

where the coefficients of pi are (9i-invariant holomorphic functions. Then the same arguments 
as in yy show that there exists a 9i-invariant series f{z, k) with holomorphic in z coefficients 
and formal series iJ^i{k) with constant coefficients such that the equation 

f{z + l,k)pi{z,k) = f{z,k)fn{k) (2.28) 

holds. The ambiguity in the choice of / and p corresponds to the multiplication by the 
exponent of a linear form in z vanishing on U, i.e. 

f'{z,k) = f{z,k)e^''^'^'^\ p[{k)=pi{k)e^'^^^^'\ m,U) = 0, (2.29) 

where b{k) = 6s^~'^ is a formal series with vector-coefficients that are orthogonal to U. 
The vector U is in general position with respect to the lattice. Therefore, the ambiguity can 
be uniquely fixed by imposing {d — 1) normahzing conditions p^{k) = 1, i > 1 (recall that 
pi^{k) = 1 by construction). 

The formal series ftp is quasi-periodic and its multiplicators satisfy ()2.26|) . Then, by that 
properties it is defined uniquely up to a factor which is constant in z and y. Therefore, for 
the unique definition of (po it is enough to fix its evaluation at zq and y = 0. The corollary 
is proved. 



3 The spectral curve 

In this section we show that Z-periodic wave solutions of equation p.5|) . with u as in ()1.7|) . are 
common eigenfunctions of rings of commuting operators and identify X with the Jacobian 
of the spectral curve of these rings. 

Note that a simple shift z ^ z + Z , where Z ^Tj^ gives /-periodic wave solutions with 
meromorphic coefficients along the affine subspaces Z + <C^. Theses A-periodic wave solutions 
are related to each other by 9i-invariant factor. Therefore choosing, in the neighborhood of 
any Z ^ S, a hyperplane orthogonal to the vector U and fixing initial data on this hyperplane 
at 7/ = 0, we define the corresponding series (j){z + Z, k) as a local meromorphic function 
of Z and the global meromorphic function of z. 

Lemma 3.1 Let the assumptions of Theorem 1.2 hold. Then there is a unique pseudo- 
differential operator 

oo 

£(Z,9,.) =9, + J]w;,(Z)9-^ (3.1) 

s=l 

such that 

L{Ux + Vy + Z,d^)^ = kiP, (3.2) 
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where = e^^~^'^ y(j){Ux + Z, y, k) is a l-periodic solution of Hl.^) . The coefficients Ws{Z) of 
L are meromorphic functions on the abelian variety X with poles along the divisor O. 

Proof. The construction of L is standard for the KP theory. First we define L as a pseudo- 
differential operator with coefficients Ws{Z,y), which are functions of Z and y. 

Let 'j/' be a /-periodic wave solution. The substitution of ()2.17j) in ()H.2|1 gives a system 
of equations that recursively define Ws{Z,y) as differential polynomials in ^s{Z,y). The 
coefficients of ip are local meromorphic functions of Z, but the coefficients of L are well- 
defined global meromorphic functions of on C^\S, because different /-periodic wave solutions 
are related to each other by 9i-invariant factor, which does not affect L. The singular locus 
is of codimension > 2. Then Hartog's holomorphic extension theorem implies that Ws{Z,y) 
can be extended to a global meromorpic function on C^. 

The translational invar iance of u implies the translational invariance of the /-periodic 
wave solutions. Indeed, for any constant s the series (piVs + Z,y — s,k) and y, k) 
correspond to /-periodic solutions of the same equation. Therefore, they coincide up to a 
(9i-invariant factor. This factor does not affect L. Hence, Ws{Z,y) = WsiVy + Z). 

The /-periodic wave functions corresponding to Z and Z + X' for any A' G A are also 
related to each other by a 9i-invariant factor: 

^^{MZ + l',y,k)(p-\Z,y,k))=0. (3.3) 

Hence, Wg are periodic with respect to A and therefore are meromorphic functions on the 
abelian variety X. The lemma is proved. 

Consider now the differential parts of the pseudo-differential operators L"*. Let L^ be 
the differential operator such that L^ = L"* — L'^* = Fmd~^ + 0{d~'^). The leading coefficient 
Fm of L™ is the residue of L"^: 

F„ = resa L"^. (3.4) 
From the construction of L it follows that [dy — + u, L"] = 0. Hence, 

[dy - dl + M, L';^] = -\dy~dl^ u, L^] = 2d^F^. (3.5) 

The functions Fm are differential polynomials in the coefficients Wg of L. Hence, Fm{Z) are 
meromorphic functions on X. Next statement is crucial for the proof of the existence of 
commuting differential operators associated with u. 

Lemma 3.2 The abelian functions Fm have at most the second order pole on the divisor B. 

Proof. We need a few more standard constructions from the KP theory. If ip is as in Lemma 
3.1, then there exists a unique pseudo-differential operator $ such that 

oo 

^ = ^Qk.+k^y^ $ = l + ^^,(f/x + Z,y)a-^ (3.6) 

s=l 
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The coefficients of $ are universal differential polynomials on C,s- Therefore, (ps{z + Z,y) is 
a global meromorphic function of 2; G C'' and a local meromorphic function of Z ^ S. Note 
that L = $(9^)$-!. 

Consider the dual wave function defined by the left action of the operator ?/'"'" = 

^^-kx-k^y^ ^-1 f^gcaii that the left action of a pseudo-differential operator is the formal 

adjoint action under which the left action of dx on a function / is (fdx) = —dxf- If is a 
formal wave solution of ()3.5|) . then is a solution of the adjoint equation 

(-dy-dl + u)^/j+ = 0. (3.7) 

The same arguments, as before, prove that if equations (jl.llj) for poles of u hold then 
have simple poles at the poles of u. Therefore, if ip as in Lemma 2.3, then the dual wave 
solution is of the form = e~^^~^ ^cp^iUx + Z, y, /c), where the coefficients + ^5 u) of 
the formal series 

0+(z + Z, y, k) = e-'y (^1 + E ^si^ + Z, y) k-^ (3.8) 
are /-periodic meromorphic functions of the variable z G with a simple pole at the divisor 

The ambiguity in the definition of if) does not affect the product 

= (^e-'="-^'^<l>-^) (^^e'^^'+^'y^ . (3.9) 

Therefore, although each factor is only a local meromorphic function on C^\S, the coefficients 
Jg of the product 

00 

= <p+{z, y, k)<p{z, y,k) = i + J2 UZ, y)kr'. (3.10) 

s=2 

are global meromorphic functions of Z. Moreover, the translational invariance of u implies 
that they have the form Js{Z,y) = Js{Z + Vy). Each of the factors in the left hand side of 
(j3.1Up has a simple pole on G — Vy. Hence, Js{Z) is a meromorphic function on X with a 
second order pole at 6. 

From the definition of L it follows that 

resfc (V^+(L») = resfc = J„+i. (3.11) 

On the other hand, using the identity 

resfc (e-^^Pi) {V^e'^) = resg (V^V,) , (3.12) 
which holds for any two pseudo-differential operators (Pl]), we get 

reSfc(^+L"^/^) = resfc {e-''^^-^) (L"$e'^^) = res^L" = (3.13) 
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Therefore, F„ = J„+i and the lemma is proved. 

Let F be a hnear space generated by {Fm, m = 0, 1, . . .}, where we set Fq = 1. It is 
a subspace of the 2^-dimensional space of the abehan functions that have at most second 
order pole at O. Therefore, for all but g = dim F positive integers n, there exist constants 
Ci^n such that 

n-1 

FniZ) + Y,C^,nFiiZ) = 0. (3.14) 

i=0 

Let / denote the subset of integers n for which there are no such constants. We call this 
subset the gap sequence. 

Lemma 3.3 Let L be the pseudo- differential operator corresponding to a l-periodic wave 
function ip constructed above. Then, for the differential operators 

n-1 

Ln = Ll + Y, c.,nir = 0, n ^ /, (3.15) 

1=0 

the equations 

oo 

L^ij = an{k)^, an{k) = k-^ + Y,(^s,nk^" (3.16) 

s=l 

where constants, hold. 

Proof. First note that from (j3.5|) it follows that 

[dy-dl + u,Ln]=Q. (3.17) 

Hence, if is a Z-periodic wave solution of ()1.5|) corresponding to Z ^ S, then Lnip is also 
a formal solution of the same equation. That implies the equation Lnip = an{Z, k)'ilj, where 
a is Si-invariant. The ambiguity in the definition of ip does not affect a„. Therefore, the 
coefficients of are well-defined g'/o6a/ meromorphic functions on C^\S. The di- invariance 
of an implies that function of Z, is holomorphic outside of the locus. Hence it has 

an extension to a holomorphic function on C^. Equations ()3.3|) imply that a„ is periodic 
with respect to the lattice A. Hence a„ is Z- independent. Note that a<j,„ = Cg^n, s < n. The 
lemma is proved. 

The operator can be regarded as a Z ^ S-parametric family of ordinary differential 
operators whose coefficients have the form 



Li = d^ + J2urAUx + Z)d^-\ miL (3.18) 



i=l 



Corollary 3.1 The operators commute with each other, 

[Lf,L^]=0, Z^S. (3.19) 



12 



From ()3.16|) it follows that [Lf , L^]iIj = 0. The commutator is an ordinary differential 
operator. Hence, the last equation implies (j3.19p . 

Lemma 3.4 Let , Z ^ H, be a commutative ring of ordinary differential operators 
spanned by the operators L^. Then there is an irreducible algebraic curve T of arithmetic 
genus g = dim F such that is isomorphic to the ring A(r, Pq) of the meromorphic func- 
tions on F with the only pole at a smooth point Pq. The correspondence Z —>■ A^ defines a 
holomorphic imbedding o/ X \ S into the space of torsion-free rank 1 sheaves J-' on T 

J : X\S I — > Pk(F). (3.20) 

Proof. It is the fundamental fact of the theory of commuting linear ordinary differential 
operators (0 El El CHI UHl) that there is a natural correspondence 

A^{r,Po,[k-%J^} (3.21) 

between regular at x = commutative rings A of ordinary linear differential operators 
containing a pair of monic operators of co-prime orders, and sets of algebraic-geometrical 
data {F, Pq, where F is an algebraic curve with a fixed first jet [k~^]i of a local 

coordinate k~^ in the neighborhood of a smooth point Po & T and JF is a torsion-free rank 
1 sheaf on F such that 

H\T, J^) = H\T, T) = 0. (3.22) 

The correspondence becomes one-to-one if the rings A are considered modulo conjugation 
A' = g{x)Ag-\x). 

Note that in [3 El the main attention was paid to the generic case of the com- 
mutative rings corresponding to smooth algebraic curves. The invariant formulation of the 
correspondence given above is due to Mumford 

The algebraic curve F is called the spectral curve of A. The ring A is isomorphic to the 
ring A{r, Pq) of meromorphic functions on F with the only pole at the puncture Pq. The 
isomorphism is defined by the equation 

Lai^Q = aijQ, LaeA, ae A{T, Pq). (3.23) 

Here ipQ is a common eigenfunction of the commuting operators. At x = it is a section of 
the sheaf JF® 0(-Po)- 

Important remark. The construction of the correspondence ()3.21|) depends on a choice 
of initial point Xq = 0. The spectral curve and the sheaf JF are defined by the evaluations of 
the coefficients of generators of A and a finite number of their derivatives at the initial point. 
In fact, the spectral curve is independent on the choice of Xq, but the sheaf does depend on 
it, i.e. JF = JT^.^. 

Using the shift of the initial point it is easy to show that the correspondence 1)3.211) 
extends to the commutative rings of operators whose coefficients are meromorphic functions 
of a; at X = 0. The rings of operators having poles at x = correspond to sheaves for which 
the condition ()3.22p is violated. 
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Let be the spectral curve corresponding to . Note, that due to the remark above, 
it is well-defined for all Z ^T,. The eigenvalues a„(fc) of the operators defined in (j3.16j) 
coincide with the Laurent expansions at Pq of the meromorphic functions a„ G A(T^,Pq). 
They are Z-independent. Hence, the spectral curve is Z-independent, as well, F = F^. The 
first statement of the lemma is thus proven. 

The construction of the correspondence ()3.2H) implies that if the coefficients of operators 
A holomorphically depend on parameters then the algebraic-geometrical spectral data are 
also holomorphic functions of the parameters. Hence j is holomorphic away of 0. Then 
using the shift of the initial point and the fact, that Txq holomorphically depends on xq, we 
get that j holomorphically extends on G \ S, as well. The lemma is proved. 

Recall, that a commutative ring A of linear ordinary differential operators is called max- 
imal if it is not contained in any bigger commutative ring. Let us show that for a generic Z 
the ring A^ is maximal. Suppose that it is not. Then there exits a G /, where / is the gap se- 
quence defined above, such that for each Z ^ E there exists an operator Lf of order a which 
commutes with L^.,n ^ /. Therefore, it commutes with L. A differential operator commut- 
ing with L up to the order 0(1) can be represented in the form La = ^rn<a Ci,a{Z)L\, where 
Ci^aiZ) are c?i-invariant functions of Z. It commutes with L if and only if 



n-l 



F^{Z) + Y,C^,a{Z)F,{Z)=0, diCi,a = 0. (3.24) 



i=0 



Note the difference between (I3.14j) and (|3.24p . In the first equation the coefficients Cj^„ 
are constants. The Z-periodic wave solution of equation p.5|) is a common eigenfunction 
of all commuting operators, i.e. Laip = aa{Z,k)ilj, where a„ = fc" + Yl'^i^s,a{Z)k°'~'^ is 
c^i-invariant. The same arguments as those used in the proof of equation ()3.16|) show that 
the eigenvalue is Z-independent. We have ag^a = Cg^a, s < a. Therefore, the coefficients 
in fl3.24|l are Z'- independent. That contradicts the assumption that a ^ I. 

Our next goal is to prove finally the global existence of the wave function. 

Lemma 3.5 Let the assumptions of the Theorem L2 hold. Then there exists a common 
eigenfunction of the corresponding commuting operators Lf of the form ip = e^^(l){Ux + Z, k) 
such that the coefficients of the formal series 

oo 

ct>{Z,k) = l + Y,UZ)k-' (3.25) 

s=l 

are global merormophic functions with a simple pole at G. 

Proof. It is instructive to consider first the case when the spectral curve F of the rings 
A^ is smooth. Then, as shown in (0111)! the corresponding common eigenfunction of the 
commuting differential operators (the Baker- Akhiezer function), normalized by the condition 
%Ijq\x=q = 1, is of the form ([HIEI) 

^o-Sima^±M|)e-(-). (3.26) 

e{Ux + z)e{A{p) + z) 
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Here 0{Z) is the Riemann theta-function constructed with the help of the matrix of 6-periods 
of normahzed holomorphic differentials on F; A : F ^ ^(T) is the Abel map; Q is the abelian 
integral corresponding to the second kind meromorphic differential dfl with the only pole of 
the form dk at the puncture Pq and 27rif/ is the vector of its 6-periods. 

Remark. Let us emphasize, that the formula ()3.26|) is not the result of solution of some 
differential equations. It is a direct corollary of analytic properties of the Baker-Akhiezer 
function iIjq{x,P) on the spectral curve: 

(i) ipo is meromorphic function of P G T \ Pq; its pole divisor is of degree g and is x- 
independent. It is non-special, if the operators are regular at the normalization point a; = 0; 

(a) in the neighborhood of Pq the function -ipQ has the form M.lf^) (with y = 0). 

From the Riemann- Rokh theorem it follows that, if ipo exists, then it is unique. It is easy 
to check that the function ipQ given by (|3.26|) is single-valued on F and has all the desired 
properties. 

The last factors in the numerator and the denominator of ()3.2(ij) are x-independent. 
Therefore, the function 

^..^«±^^e-(-) (3.27) 

is also a common eigenfunction of the commuting operators. 
In the neighborhood of Pq the function ipBA has the form 

i;^^ = e^-{l + y^4i±^kA, k = n, (3.28) 

where Ts{Z) are global holomorphic functions. 

According to Lemma 3.4, we have a holomorphic imbedding Z = j{Z) of X \ S into 
J(F). Consider the formal series ip = j*4'BA- It is globally well-defined out of S. If Z ^ 6, 
then j{Z) ^ G) (which is the divisor on which the condition ()3.22j) is violated). Hence, the 
coefficients of ip are regular out of 0. The singular locus is at least of codimension 2. Hence, 
using once again Hartorg's arguments we can extend ip on X. 

If the spectral curve is singular, we can proceed along the same lines using the general- 
ization of (j3.27p given by the theory of Sato r-function ([16 ). Namely, a set of algebraic- 
geometrical data (j3.21|) defines the point of the Sato Grassmanian, and therefore, the cor- 
responding r-function: r(t; JF). It is a holomorphic function of the variables t = {ti,t2, . . .), 
and is a section of a holomorphic line bundle on Pic(F). 

The variable x is identified with the first time of the KP-hierarchy, x = ti. Therefore, 
the formula for the Baker-Akhiezer function corresponding to a point of the Grassmanian 
(|16j) implies that the function ipBA given by the formula 

? _ ^(a^ - k, -|/c^, • • • ; ^) , . 

WBA 7 — — e (3.2yj 

is a common eigenfunction of the commuting operators defined by JF. The rest of the 
arguments proving the lemma are the same, as in the smooth case. 
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Lemma 3.6 The linear space F generated by the abelian functions {Fq = l,Fm = resgi™}, 
is a subspace of the space H generated by Fq and by the abelian functions Hi = did^^ ln6{Z). 

Proof. Recall that the functions F„ are abelian functions with at most second order pole on 
0. Hence, a'priory g = dim F < 2^. In order to prove the statement of the lemma it is enough 
to show that F„ = diQn, where Q„ is a meromorphic function with a pole along 9. Indeed, 
if Qn exists, then, for any vector / in the period lattice, we have Qn{Z + I) = Qn{Z) + Cn,i. 
There is no abelian function with a simple pole on G. Hence, there exists a constant g„ and 
two (7-dimensional vectors /„,/^, such that Qn = Qn + {In, Z) + {l'^,h{Z)), where h{Z) is a 
vector with the coordinates hi = 9^. In^. Therefore, F„ = (/„, U) + (Z^, H{Z)). 

Let ip{x, Z, k) be the formal Baker- Akhiezer function defined in the previous lemma. Then 
the coefficients ifs{Z) of the corresponding wave operator $ ()3.6|) are global meromorphic 
functions with poles on G. 

The left and right action of pseudo-differential operators are formally adjoint, i.e., for any 
two operators the equality (e'^^^'Pi) (V2e'^^) = e"'^^ (ViV2e'^^) + {e~^^ ("Dae^^)) holds. 
Here T)^ is a pseudo-differential operator whose coefficients are differential polynomials in 
the coefficients of T>i and 1^2 • Therefore, from ()3. 9113. 13]) it follows that 

oo / oo \ 

= 1 + 5^ Fs-ik-' = 1 + ^ Qsk-' . (3.30) 

s=2 \s=2 / 

The coefficients of the series Q are differential polynomials in the coefficients ips of the wave 
operator. Therefore, they are global meromorphic functions of Z with poles on G. Lemma 
is proved. 

In order to complete the proof of our main result we need one more standard fact of the 
KP theory: flows of the KP hierarchy deflne deformations of the commutative rings A of 
ordinary linear differential operators. The spectral curve is invariant under these flows. For 
a given spectral curve F the orbits of the KP hierarchy are isomorphic to the generalized 
Jacobian J(F) = Pic°(F), which is the equivalence classes of zero degree divisors on the 
spectral curve (see details in Pfl El El EE! ) • 

The KP hierarchy in the Sato form is a system of commuting differential equation for a 
pseudo-differential operator L 

dtJL=[hlM- (3.31) 

If the operator L is as above, i.e., if it is deflned by /-periodic wave solutions of equation 
()1.5|) . then equations 1)3.311) are equivalent to the equations 

dt^u = d^Fn. (3.32) 

The flrst two times of the hierarchy are identified with the variables ti = x,t2 = y. 

Equations ()3.32|) identify the space Fi generated by the functions diFn with the tangent 
space of the KP orbit at . Then, from Lemma 3.6 it follows that this tangent space is a 
subspace of the tangent space of the abelian variety X. Hence, for any Z the orbit of 
the KP flows of the ring A^ is in X, i.e. it deflnes an holomorphic imbedding: 

iz ■■ J(r) I — > X. (3.33) 
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From ()3.33|) it follows that J(T) is compact. 

The generalized Jacobian of an algebraic curve is compact if and only if the curve is 
smooth ([17 ). On a smooth algebraic curve a torsion-free rank 1 sheaf is a line bundle, i.e. 
Pic(r) = J(r). Then ()3.2()|1 implies that iz is an isomorphism. Note, that for the Jacobians 
of smooth algebraic curves the bad locus S is empty ([T|), i.e. the imbedding j in ()3.20|) is 
defined everywhere on X and is inverse to iz- Theorem 1.2 is proved. 

Acknowledgments. The author would like to thank Enrico Arbarello for very useful 
conversations and help during the preparation of this paper. The author is greatful to 
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